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Abstract. This note is concerned with the unipotent characters of the Ree 

groups of type G2. We determine the roots of unity associated by Lusztig and 
CO , Digne-Michel to unipotent characters of ^G2(3^"+^) and we prove that the 

Cn ■ Fourier matrix of ^G2(3'^"+^) defined by Geek and Malle satisfies a conjecture 

of Digne-Michel. Our main tool is the Shintani descent of Ree groups of type 

G2. 
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1. Introduction 



Let G be a connected reductive group defined over the finite field Fg with q 
elements of characteristic p > 0, and let F be the corresponding Frobenius map. 
Let T be a maximal rational torus of G, contained in a rational Borel subgroup B 
of G. We denote hy W = Ng(T)/T the Weyl group of G. For w eW, there is the 
corresponding Deligne-Lusztig character R^ of the finite fixed-point subgroup G^. 
^ ' We refer to [31 §7.7] for a precise construction. Then we define the set of unipotent 

^O , characters of G-^ by 

!>. . U{G^) = {x e Irr(G^) | {x,Rw)g'=- ^0 for some weW}. 

Lusztig [9j and Digne-Michel \5l associated to every x € U[G^) a root of 
r^ I unity u)y^ G Q| (where Q^ is the £-adic field for i ^ p) as, follows. We denote 

by 5 the order of the automorphism of W induced by F. For w £ W, we denote 
f^ I by n^, G Ng(T) an element such that n^T = w. We set X^ = {xB | x~^F{x) g 

Bn^B} the corresponding DeHgne-Lusztig variety. For every integer j we denote 
by Hi{Xtju,Qi) the j-th £-adic cohomology space with compact support over Q^, 
^ ■ associated to X^. Therefore, the groups {F^ ) and G-*^ act on Xw, which induces 

H I linear operations on Hi{Xw,Qi). Hence Hi^Xj^j^Qg) is a Q^G^-module, and F* 

acts on this space as a linear endomorphism. We also fix an eigenvalue A of i^^, and 
we denote by Fa j- its generalized eigenspace. Since the actions of {F^} and G^ 
commute, the space F\j is a Q^G^-module. Moreover, the irreducible constituents 
of G^ occurring in this module are unipotent. Conversely, for every unipotent char- 
acter X of G^, there are w € W, X & Qg and j € N, such that x occurs in the 
character associated to Fxj. Lusztig [9j and Digne-Michel [5] have shown that 

A = q'^'^uj^ for some non-negative integer s and a root of unity ui^ € Q^ which 
depends only on %. 

The set of roots associated as above to the unipotent characters have been 
computed by Lusztig in [9j for finite reductive groups if F is split. Moreover 
Lusztig computed in [^ the set of roots for the unipotent characters appearing 
in Hi{Xw^^^,Qg) where Wcox denotes the Coxeter element of W, with no condition 
on F. This work is completed for the cases that F is a non-split Frobenius map by 
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Geek and Malle in 0- However, for few cases, the methods of Lusztig and Geck- 
Malle allow to associate the roots to their unipotent characters only up to complex 
conjugation. This is for example the case for the Suzuki and the Ree groups. In [1] 
we remove this indetermination for the unipotent characters of the Suzuki groups. 

Moreover, we recall that Lusztig [9] associated to most of sets U{G^) some non- 
abehan Fourier matrices, which involve the decomposition in unipotent characters 
of Rw for w €W. 

This note is concerned with the Fourier matrices and the roots of unity, associated 
as above to the unipotent characters of the Ree group ^G2{q) for q = S^""*"^. For 
these groups, the method in [9] does not allow to define Fourier matrices. However 
using the theory of character sheaves. Geek and Malle give a more general definition 
for these matrices [3 5.1]. For the Ree groups of type G2, they obtained the 
following matrix [71 5.4] 
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We set / = {1, 3, 5, 6, 7, 8, 9, 10}. The Ree group ^(72 (<z) has 8 unipotent charac- 
ters, denoted in [12] by ^k for k & I. In [8j, Lusztig shows that uj^^ = 1, ^^3 = 1, 
and 

{'^Cs'^CtI = {±«} and {uj^g,uj^,„} ^ I L 

where i € Q^ is a root of —1. This work is completed in ^ by Geck-Malle who 
proved that {cjjg,cj^g} = {±i}. 

The aim of this note is to compute the roots wj^ for k £ I . Moreover, we will also 
show that the Fourier matrices of the Ree groups of type G2 satisfy a conjecture of 
Digne-Michel [5j that we recall in |5l These are new results, which complete works 
of Lusztig p] and of Geck-Malle [7] for the Ree groups of type G2 . 

The paper is organized as follows. In Section [2] we fix some notation and we 
give preliminary results. In Section [3] we give results on the Shintani descents from 
G^ XI {F) to G^ that we need in order to apply the same method as in [1]. 
In Section [4] we compute the roots of unity associated as above to the unipotent 
characters of the Ree groups. Finally, in Section[5]we show that the Fourier matrices 
for the Ree groups defined by Malle and Geek satisfy the Digne-Michel conjecture. 



2. Notation and preliminary results 

2.1. Notation. Let G be a simple algebraic group of type G2 over an algebraic 
closure F3 of the finite field F3 with 3 elements. We denote by S the root system of 
type G2 , and by H = {a, 5} a fundamental system of roots. We choose a for the short 
root, and 6 for the long one. We denote by S+ = {a, 6, a 4- 6, 2a + 6, 3a + 6, 3a + 26} 
the set of positive roots with respect to 11. For r € S and i G F3, there is the 
corresponding Chevalley element Xr{t) € G. We recall that G = (a;r(i) | r G I],i e 
F3 ). We set 

U= (x^(t) I r e S+, teF3) and T = ( /i,.(f) | r e 11+, f e F3 ), 
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where hr{t) = x^r{t~^ — l)xr{l)x^r{t— l)xr{—t~^). The subgroup T is a maximal 
torus of G, contained in the Borel subgroup B = TU of G. The Weyl group of G 
is VF = Ng(T)/T. 

For every positive integer m, the Frobenius map Fm on G is defined on the 
Chevalley generators by setting Fm{xr{t)) = Xr{t^ ). As in [31 §12.4], we define 
an automorphism a of G by setting a{xr{t)) = Xp(^r){t) if J' is a long root and 
a{xr{t)) = Xp(^r){t^) if J' is short, where p is the unique angle-preserving, and length- 
changing bijection of S which preserves H. 

Throughout this paper, we fix a positive integer n. We set 9 = 3" and q = 39^. 
We write F = aoFn. We then have F^ = F2n+i- The fixed-point subgroups G''^ and 
G^ are the Ree group ^G2(q) and the finite Chevalley group G2{q) respectively. 
The subgroups T, U and B are i^-stable. We notice that the automorphism of W 
induced by F has order 2. 

Moreover, the Chevalley relations are, for u, u G F3: 

Xa{t)xb{u) = Xb{u)Xa{t)Xa+b{-tu)x3a+b{t^u)x2a+bi-t'^u)x3a+2bit^u'^) 

Xait)Xa+biu) = Xa+b{u)Xa{t)x2a+b{tu) 

Xb{t)x3a+biu) = X3a+b{u)xb{t)x3a+2b(tu) 

Xa+bit)x3a+b{u) = X3a+b{u)Xa+b{t) 

Xa+b{t)x2a+b{u) = X2a+b{u)Xa+b{t) 

Xa+b{t)x3a+2b{u) = X3a+2b{u)Xa+b{t) 

X2a+b{t)x3a+b{u) = X3a+b{u)x2a+b{t) 

X2a+b{t)x3a+2b{u) = X3a+2b{u)x2a+b{t) 

We fix a root ao G F3 of X'' — X + \, and we set ^ = ckq — ao . We have 

e« = a^' - ag = aj] - 1 - ao + 1 = e- 

Therefore ^ G F^. Moreover, X"^ — X — ^ e ]Fg[X] is irreducible over F^. Otherwise 
there is a t G F^ with i'^ — t — ^ = 0, implying (i — a^f — {t~ cto)- However, t y^ uq 
(because ao ^ F^). Thus (t — uq)^ = 1. It follows that aQ = t±lG¥g. This is a 
contradiction. 

The character table of G-*^ was computed by Enomoto in [6]. The description 
of this table depends on an element ^0 & Fg such that X^ ~ X — ^q is an irreducible 
polynomial over F^. In the following we choose ^0 = ^• 

We recall that the unipotent regular class u^eg of G splits in 3 classes A51, 
A52 and A53 in G''^ , with representatives Xa{i)xb{l), Xa{l)xb{l)x3a+b{£,) and 
Xai^)xb{i)x3a+b{^£.) respectively. Moreover, Wreg also splits in 3 classes in G^ 
whose representatives are not conjugate in G . We denote by Yi, Y2 and Y3 
representatives with Yi € A51, I2 € A52 and F3 g A53. 

The group G''^ has q + 8 conjugacy classes. More precisely, we recall that the 
system of representatives of classes of G'^ given in O 4.1] is described as follows. 

• The trivial element 1. 

• The element J = /iQ+h(— 1) which has a centraHzer of order q{q — l)(g + 1). 

• The element X = X2a+b{^)x3a+2b{^) which has centralizer order q^. 

• The elements T = Xa+b{^)x3a+bi^) and T~^ whose centralizers have order 
2q2. 

• The elements Yi, I2 and Y3 described as above whose centraHzers have 
order 3q. 

• The elements TJ and T^^J whose centralizers have order 2q. 
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• A family R oi {q — 3)/2 semisimple regular elements with centralizer order 
q-l. 

• A family S oi (q — 3)/6 semisimple regular elements with centralizer order 
q+l. 

• A family V of (g — 36')/6 semisimple regular elements with centralizer order 
g- 361+1. 

• A family M of {q + 39)/2 semisimple regular elements with centralizer order 
g + 361+1. 

In [21 4.5] we give the class fusion between G^ and G-^ . The character table of 
G^ with respect to this parametrization is given in [21 7.2]. We notice that there 
are some misprints in [21 7.2] for the values of ^g and ^lo on Y2 and I3. Indeed we 
have 

^9iY2)^Cw{Y3)=0{l+iVi)/2 and ^^(¥3) = ^,oiY2) = 0{1 - iV3)/2. 

A system of representatives of the conjugacy classes of G^ xi (F) is computed 
in [21 4.2]. It is shown that the following elements are representatives of the outer 
classes of G^ X' (F) (i.e. the classes of G^' y (F) lying in the coset G^ .F): 

• The element F, which has centralizer order 2q^{q^ — l)g^ — q+l). 

• The element h^.F with ho = ha{—l), which has centralizer order 2q{q — 

1)(9 + 1). 

• The element X.F, with centralizer order 2q'^. 

• The elements T.F and T~^.F, whose centraHzers have order 6g^. 

• The elements Yi.F, Y2.F and Y3.F, whose centraHzers have order 6q. 

• The elements r]hQ.F and ij^^ho.F with r] = Xa+b{l)x3a+b{—l) , whose cen- 
traHzers have order 2q. 

• A family R' of {q — 3)/2 elements with centralizer order q — I. 

• A family S' of (q — 3)/6 elements with centralizer order q+l. 

• A family V of {q — 36*) /6 elements with centralizer order q — 30 + I. 

• A family M' of {q + 39)/2 elements with centralizer order g + 36* + 1. 

Finally, we recall that the character table of G-'^ xi (F) is computed in [21 1.1]. 

2.2. Some results. We will need the following results. 

Lemma 2.1. We set E = {t^ — t \ t e Fg}. Then every element x e F^ can he 
written uniquely as x — rj^S, + Vx with yx ^ E and rjx G F3. Moreover let u e U-'^ 
he such that 

U = Xa{l)xbil)Xa+b{ta+b)x3a+b{ha+b)x2a+hit2a+b)x3a+2bit3a+2b), 

for ta+b, t3a+b, t2a+b, <3a+26 G Vq. For u as ahovc, we set p{u) = ta+b + tsa+b- 
Then u e ^51 j/?7p(„) = 0, -u e A52 if np{u) = 1, and u e A53 if np^u) = -1- 

Proof. This is a consequence of the Chevalley relations. D 

We remark that the map F^ ^ F3, a; i-^ rjx is an additive morphism. We now 
describe the elements Fi , Y2 and Y3 more precisely. 

Lemma 2.2. For u = ±^, we set 

a(l) = Xa{l)Xb{l)Xa+b{l)x2a+b{l) and P{u) = Xa+b{u^)x3a+b{u). 

As previously, we denote hy r/i G F3 the unique element such that I — ?/i^ + t^ — t 
for some t GVg. 



ON THE UNIPOTENT CHARACTERS OF THE REE GROUPS 5 

• If n = I mod 3, then rji = 0. We choose Yi — a{l), Y2 — a{l)(3{~(,) and 

• lfn = mod 3, then m = -1. We choose Yj = a(l)/3(-C), Y2 ^ a(l)/3(^) 
and Y3, = a(l). 

• If n = —1 mod 3, then 7/1 — 1. We choose Yi — a{l)P{S,), I2 — 0^(1) and 

y3 = «(i)/3(-o. 

Proof. We have 

p(a(l)) = l, p(«(l)/3(0) = l + e + e' and p{a{l)f3{-0) = I - ^ - ^' ■ 
We discuss ryi. There is an element t G F^ such that 

For < j < 2n, we take the 3-'-power of the last relation, and sum all new obtained 
relations. Thus we obtain 

2n + i-77i(e + e' + --- + e'"). 

However, S, — Uq — ao with Qq = ao — 1. Hence ^ + • • • + ^'^ = a^ — ao = —1. It 
follows that 

2n + 1 + ryi = mod 3. 

Moreover, we remark that ^^ = (^ H h C''^^)^ - (C H ^ ■f"^"'^) + 6 We deduce 

that rj^e = 1. 

• If n = 1 mod 3, then rji = 0. Therefore 7'ii^^_^_^e = —1 and 7/i_^_^e = 1. 

• If n = mod 3, then rji = —1. Therefore r/i+^+^e = 1 and 7/i_^_^e = 0. 

• If n = —1 mod 3, then 771 = 1. Therefore r|l^^_^_^e — and rii_^_^e ~ —1. 

The result follows. D 

Lemma 2.3. Let a and (3 be two elements of¥q. We consider the following system 
of equations (S) 

' y^ ~x =1 

x^^ - 2/ =1 

t" ^ z + 1 + x^'+^ = a 

z3» - i - 1 - a;3«+3 = 13 

If xo is a root in ¥3 of X'^-X + 1 and to is a root in ¥3 of X'' - X - xf,^ - f3 - a^^ , 
then the tuple {xo,Xq^ — 1, to; a^o "*" +tQ + ^ — Oi)isa solution of (S) in F3. 

Proof. If 2/0 = xf - 1, then yg = a:' - 1 = xq + 1. If zq = xl^^'^ + ig + 1 - a, then 

zl<' = xl''xf+tl + l-a^<^ 

= {xl - l)xf +tQ + xl'' +b + o?^ + 1-^3" 
= xf +'■* + io + /? + 1 

The result follows. D 

Remark 2.4. For the solution of the system [S) given in Lemma [2. 3\ we remark 
that we can choose xq independently of a and (3. 
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3. Shintani descents 



3.1. Definition. A reference for this section is for example [5]. We keep the nota- 
tion as above. We denote by Lp : G ^ G, x t-^ x^^F{x) the Lang map associated 
to F. Since G is a simple algebraic group, it follows that G is connected. Hence 
Lp and Lp2 are surjective. Moreover, Lp{x) G G^ for some x g G if and only if 
Lp2{x^^) E G^ , and the correspondence 

Lp2{x-^) eG^ < — > Lp{x).F e G^' >i{F) for x e G, 

induces a bijection from the outer classes of the group G^ x: ( i^ ) to the classes of 
G^. We denote this correspondence by Np/p2. Furthermore we have [5, §1.7] 

(1) \C^,2^^p^{Lp{x).F)\ = 2\CgHLf-{x-')\ forxeG. 

For every class function -0 on G''^ x (F), we define the Shintani Shp2/p{ip) of 
ip by Shp2/p{il;) = i/; o Np/p2. 

3.2. Shintani correspondence from G to G x: [F) in type G2- 

Lemma 3.1. We keep the notation as above. We set T — /9(1). We have 

Np/p2{[T]a^) = [T.F]^,2^^p^ and Np/p2i[T-']G.) = [T-\F]^,2 ^^^y 
Here [x]g denotes the conjugacy class of x in G. 
Proof. We set x — Xa+b(ao)a;3a+b(ao^ ~ !)• Then we have 

Lp{x) = Xa+b{{af -If -ao)x:ia+b{af -{af -I)) 

= Xa+b{otQ-2- ao)xza+b{'^) 

and Lp2{x~'^) = Xa+b{ao - al)xaa+b{aa - aj^) = /3(1). D 

Lemma 3.2. We keep the notation as above. Then we have 

NF/p2m]c^.) = [Y3.F]^,2^^^^ 
Np/p2m]c,.) = [Y,.F]^,2^^^^ 
Np/p2{[Y3]g.) = [Y2.F]^,2^^py 

Proof. Let u = Xa{l)xb{l)xa+b{ct)x3a+b{(3)y G U-'^ with y G Z(U^ ). Since U is 
connected, there is a; e U such that Lp{x) — u. Then there are z G Z(U^') and 
ta,tb, ta+b and tsa+b in F3 such that 

X = Xa{ta)Xb{tb)Xa+b{ta+b)xZa+b{ha+b)z. 

Using the Chevalley relations, we have 

Lp{x) = Xa{tl-ta)xb{tf -tb)Xa+b{tatb-ta+b + tltf +tl^+b-tV"^) 

for some z' € Z(U^ ). However, using the uniqueness of the Chevalley decomposi- 
tion we have the system of equations (S") 



l^b ''a — -L 

tf-tb = 1 

J. J- _ J- I j-0-1-30 1-1-8 _ j-0+1 _ 

l-a'-b ''a+b -r l^jjb^ ~<~ ''Sa+b ''b — U. 

4.36 ^304-39 43-4 4 I ^39-1-1 _ o 
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We deduce from the two first equations that t^ — ta — —I and t^ — t^ — —1. 
Moreover, there is z" G Z(U^ ) such that 

Lp2{x-^) = Xa{ta - tDxbitb - tl)Xa+b{tl{tl - tb) + ta+b - tl^h) 
X3a+b{t3a+b--tl^+b"tl''itb-tl))z" 

= Xa{l)xb{l)Xa+b{ta+b ~ t^^b ~ tD^Sa+bitsa+b " ^L+b + ^a')^"- 

Hence using Lemma [221 in order to find the G^-class of Lp2{x~^) € G''^, it is 
sufficient to find the G^ -class of Lp2{x~^). However using Lemma [2.11 we have 
to evaluate 77p(i 2(2:^^)) where p is defined as in Lemma [2711 We have 

p(Lf2(x-l)) = t^a+b-tl^+b + tl'+ia+b-tl^b-tl 
= t^a+b-t^^^f^ + ta+b-t^^i^+t^-ta. 

Using the equations of the system (5'), we deduce that 

if +' + 4+6 - Wft + 1 = a 

-ia + *Q+6 - *3a+6 -1-/5 

It follows that 

/ e'+'^^'-tf+^+ti^.-t.^+b = «3«+/3 

\ tf+^-e'+'^' + tl^,-t^+b = a + po 

Adding these two equations, we obtain 

tl+b - ta+b + tl^+b - t3a+b = a + a-^" + /? + /3^ 
Hence we have 

piLp2{x-^)) = -{a + a^e + ^ + ^«) + ^3 _ ^^ 

Moreover, we remark that the system (S") is equivalent to the system (S). We use 
for {ta, tb, ta+b, t^a+b) the solutiou described in Lemma [273l choosing ta — ao, which 
is possible as we have seen in Remark 12.41 Thus 



p{Lp2{x-^)) ^ -(a + a^" + /3 + (3^) + t 
We suppose now that n = I mod 3. Using Lemma [221 we have 

Yi = Xa{l)xbil)Xa+b{l)x2a+b{l) 

Y2 = Xa{l)Xbil)Xa+bil- ^'^)x3a+bi-0x2a+bii) 

Y3 = Xa{l)xbil)Xa+bil + C^)x3a+bi0^'2a+bil) 

For {a,P) = (1,0), {a,P) = (1 - ^",-0 and (a,/3) = (1 +^^,0 respectively, we 
deduce that r]p(^p 2(x-'^)) is equal to 1, —1, and respectively, because r/i — 0. Thus 

Np/p2m]c.) = [Y3.F]^.^.,^p^ 
Np/p2m]G-) = [Yi.F]^.2^^^^ 

Np/F2m]G-) = [Y2.F]^.2^^^^ 

We proceed similarly when n = mod 3 and n = — 1 mod 3. The result follows. 

D 
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Proposition 3.3. We keep the same notation as above. Then we have 

Nf/f41T]g-) = [T.F]^,2^^p^ 

Nf/f^{[T^^]gp) = [T^^-P]GF^y,{F) 

NF/F^m]GF) = [y3.F]G^^.(F) 

NF/F^mW) = [Y,.F]^,.^^p^ 

Nf/F<[Y3]gf) = [Y2.F]^.2^i^p^ 

{NF/F^i[JT]G''),NF/F^i[JT-^]G'')} = {[vho-F]f.j=.^.^^F)Av~^ho.F]^^2^^p^} 

{NF/F-mG-) \teR} = mG.-^iF) \teR'} 

{Nf/f^gf) \teS} = {Wg-^>,(f) \teS'} 

{NF/FmG-) \tGV} = {Mg^^.(f) \teV'} 

{NF/F4[t]GF) \teM} = {Mg.2^^^^ I t e M'} 

Proof. To prove this result, we essentially use Relation JT]) comparing the orders of 
centralizers of the representatives of classes of G^ , and of the representatives of the 
outer classes of G''^ >^{F) recalled in HI Moreover, for the classes [T]gj=' , [^~"'^]g^ ) 
and [ViIg'') [^2]g^) [^sIg^; we use Lemma ISTTJ and Lemma [331 respectively. D 

3.3. Shintani descents of the unipotent characters in type G2- The i^-stable 
unipotent characters of G''^ are denoted by ^g''^ ' ^i' ^2, ^5, ^lo, ^ii, ^12[1] and 
Oui-l] in [6]. Their degrees are 1, ig(g + l)^{q^ + g + 1), ^q{q + l){q^ + 1), g^ 
yiq - l)2(q2 - g + 1), lq{q - l)(g3 _ j)^ i^(^2 _ ;^)2 ^^^ i^(^2 _ 1)2 respectively. 

These characters extends to G''^ x (F). Let x be such a character. If x has an 
extension such that its value on F is not zero, then we denote by x the extension 
of X such that x{F) > 0. In O 5.6] we have seen that this is always the case except 
for 02 and 0io. Then we choose for 02 and ^lo the extensions such that 

Mvho-F)^^ and 9io{T.F) ^ e^VSi. 
Moreover, there is a misprint in [2l 5.6]. Indeed, we have ^10(^^2) = ~9\/3i and 

OioiYs) = eVsi. 

Proposition 3.4. We keep the same notation as above. Then we have 

ShF^/F{^GP''x{F)) = Ig^ 

ShF2/FiOl) = ^0C5+*e6-i6-«& + (\/3-i)e9 + (\/3 + i)ao) 

ShF2/F{d2) = ±^{~i£,5 + ■i£,6 + iS.? - iS.s) 

ShF2/F{05) = £,3 

ShF2/FiOw) = ^ (*C5 + ^^6 + ^6 + iCs + (V3 - i)6 - (* + V3)U) 

ShF2/F{0n) - ^(^5-^6+^7-^8) 

ShF2/F{0i2[l]) = ^((\/3-z)C5 + (y3-z)C6 + (y3 + z)6) 

ShFyFi0i2[-l]) = ^((V3 + zK7 + (\/3 + zK8 + (\/3-i)6o) 
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Proof. We use Proposition 13.31 and [21 5.6] to obtain the values of the Shintani 
descents as class functions on G^. Using the character table of G-*^ in [12], we 
decompose them in the basis of irreducible characters of G'^. The result follows. D 

4. Eigenvalues of the Frobenius for the Ree groups of type G2 



As an appHcation of Proposition l3.4l we compute in this section the roots of unity 
associated to the unipotent characters of the Ree groups of type G2 , as explained 
in Section [TJ 

Theorem 4.1. We keep the same notation as above. The roots of unity associated 
to the unipotent characters of^G2{q) are 
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Proof. We first recall a result of Digne-Michel. Let p be an irreducible character of 
W. Using the Harish-Chandra theory, we can associate to p an irreducible character 
Xp of the principal series of G^ , that is the set of irreducible constituents of 

$-Indg^2(V2). 

The group (F) acts on Irr(H^). If p is -F-stable, then p extends to H^ x (F), and 
has exactly 2 extensions denoted by p and ep, where e is the non-trivial character 
of W X {F) which has W is its kernel. However Malle shows in [HI 1.5] that the 
irreducible characters of W^ x (F) are in 1-1 correspondence with the constituents 

of $ = Ind 2^ i^)- In particular, if p is F-stable, then so is xp- Hence, the 
characters Xp ^md Xip of $ corresponding to p and ep respectively, are the two 

(F). Moreover, we recall that the almost character of 



extensions of Xp to G 

G^ corresponding to p is defined by 



% = H Piw.F)Ru 



wGW 



The main theorem jU 2.3] asserts that 
(2) ShF2 /p{xp) = 



J2 {T^p,V)g^u;vV. 



Furthermore the almost characters of the Ree groups are computed by Geek and 
Malle in [3 2.2]. More precisely, the F-stable characters of W are Iw, sgn, and 
the two characters of degree 2 of W, denoted by 2i and 22. The character 2i is 
chosen such that it takes the value —2 on the Coxeter element of W. Then for the 
extensions of these characters chosen in [7] , we have 



n. 



■sgn 



2i 

7^o 



ICF 

V3 






(^5 +^6 + ^7 + ^8 + 2^9 + 2^0) 



Ce + Cr - ^8 



Moreover, using [U p. 112, p. 150], we deduce that 



jG 



Ind^^2 {1b^) = 1gf2 + 6I5 + 6I3 + 6I4 + 26li + 26*2, 
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and Iqj.2 = xiw> ^5 = Xsgn, ^i = X2i and 02 = X22- Hence we have 

X2, e {01,601}, 

where e denotes now the non trivial character of G'^ >^ (F) containing G^ in its 
kernel. Therefore, using Relation ^ we deduce that 

~ /S 

± Shp2/p{ei) = — {UJ^^£,5 + t^jeCe + ^^7^7 + t^CsCs + 2^49^9 + 2wjioCio) • 



Hence we deduce using Proposition 13.41 that 

wjg = ±V3{Shp2/p{0i),£,Q)c^F = ± — - — . 

However using the result of Lusztig [8], we know that w^g — (±i — a/3)/2. We then 
deduce that X2 = ^^1 ^'^d that 

-V^ + i 

We immediately obtain the other roots using Proposition 13.41 D 

Remark 4.2. To determine the roots of unity of the unipotent characters of the 
Ree groups of type G2, the preceding proof shows that we only need to know the 
Shintani descent of 0i . 

5. Conjecture of Digne-Michel for the Ree groups of type G2 

In [5] Digne and Michel state a conjecture on the decomposition in irreducible 
constituents of the Shintani descents. We recall this conjecture in the special case 
that F G Aut(iy) has order 2. If x is an F-stable irreducible character of G''^ , 
and if x denotes an extension of x to G-'^ xi (F), then it is conjectured that: 

• The irreducible constituents of S]ip2/p(x) are unipotent. 

• Up to a normalization, the coefficients of Shp2/p in the basis Irr(G^) only 
depend on the coefficients of the Fourier matrix, and on the roots of unity 
attached to the unipotent characters of G^ as above. More precisely, there 
is a root of unity u such that 

±uShp2^p{x) ^ ^ fv(^vV, 

where {fv, V E U{G^)) is, up to a sign, a row of the Fourier matrix. 

Theorem 5.1. The conjecture of Digne-Michel on the decomposition of the Shin- 
tani descents of unipotent characters holds in type G2 for the Frobenius map F that 
defines the Ree group ^G2{q). 

Proof. We set mi2[i] = 5(^1 + V?>i) and ui2[-i] = |(1 + \/?ii). We remark that 

Mi2[i] (V3 - i) = 2i, ui2[i] (VS + i) = -\/3 + i, 
Wi2[-i] (V3 + i) = 2i, Ui2[-i] (V3 -i) = VS + i 
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Therefore, using Proposition 13.41 we have 

V3 



Ui2[i]ShF2/p{ei2[i]) = — \2i^5 + 2i^e + {i - V^)^gj 



5'i2hi]) = ^ (21^7 + 2*^8 - i(-i - V3)6 



Similarly, we obtain 

Ui2[_i] Shp2/p{9i2[~i]) = ^ [ 2iC7 + 2i^8 - ;^(-i - V3)^io 
Moreover, we have 

Shp2^p{92) = ±^(V3(-z)e5-V3(-zK6 + V3i6-V3iC8), 
6 



_2iH- 73)60), 



~ /3 

i Shp2fpi9n) - ^ (-V3(-z)e5 + V3(-i)C6 + \/3i6 - V^i^s) ■ 

We set ui = U2 = uio = 1 and mh = i. If we compare the coefHcients in the 
preceding computations with the coefficients of the Fourier matrix of Geck-Malle 
recalled in HJ we obtain up to a sign a row of the Fourier matrix. Therefore the 
conjecture holds. D 

Remark 5.2. We now discuss the roots ui for i G {1, 2, 10, 11, 12[1], 12[— 1]} ap- 
pearing in the proof of Theorem I5.il 

For g S G^, Lang's theorem says that there is x E G such that g = x^^F{x). 
Therefore we have xgx^^ E G^ . Moreover, if x' E G is such that x'^^F{x') — g, 
then x' lies in the coset G^ .x, hence the G^ -class of xgx^^ does not depend on the 
choice of X. For a class function f on G^ , we can then define the Asai-twisting 
operator t* by 



t*{f){g) — f[xgx ) for g E G , and a; e G such that x F{x) — 
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For a pair {g, t/j) with g E G^ and ip an F-stable irreducible character of the 
component group A{g) = Cg(.9)/ Cg(.9)°, we can associate a class function ^(g,^) 
which depends on the choice of an extension ofij: to A{g) y\{F) . Therefore ^(g,^,) is 
an eigenvector oft* , and the corresponding eigenvalue A(g y,) is equal to Tp{g)/ipii), 
where g denotes the image of g in A{g). 

Let {ci, i E I) be a row of a Fourier matrix. Then the construction of the Fourier 
matrices given by Geck-Malle show that there is a pair (g^ip) os above, such that 

To X o-iT- F-stable unipotent character of G^ , we associate the pair {g, ip) at- 
tached as above to the row of the Fourier matrix corresponding to u^Shp2/p{x)- 
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We ho 



X 


\g,^) 


ex 


1 


62 


1 


9w 


1 


^11 


-1 


0i2[i\ 


i(-l-x/3z) 


^12[-l] 


i(-l + x/3i) 



We observe that the element u^ chosen in the proof of Theorem \5.1\ is a root of 
the polynomial 

Moreover, we remark that we can choose for u^ an arbitrary root of this polynomial, 
because a row of a Fourier matrix is defined up to a sign. 

Finally, we notice that in the situation of type B2 with F the Frobenius map 
defining the Suzuki groups, this observation also holds [1, 4.2]. 

Remark 5.3. Let G be a simple algebraic group of type F4 over ¥2, and let F be 
the Frobenius map on G that defines the Ree group ^^4(2^"+^). In this situation, 
the character table of G^ xi ( ^ ) is actually unknown. Suppose that 

• The conjecture of Digne-Michel holds. 

• We know how to associate to every unipotent character of^F4{q) its root of 
unity as above. 

• The observation of Remark \5.S\ holds. 

Then, using [3 5.4(c)] and [lOj, we can describe the values of the unipotent char- 
acters of G^ ^ {P) on the coset G^ .F . 

Acknowledgments. I wish to thank Gunter Malle for a helpful and motivating 
discussion on this work. 
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